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Methods of implementing an input-constrained, nonlinear, model-predictive con- 
troller in latent spaces using partial-least-squares (PLS)-based Hammerstein and Wiener 
models are discussed. For multiple-input, multiple-output (MIMO) systems, the PLS 
flamework presents a viable alternative for identijication and controller synthesis using 
Hammerstein and Wiener structures. The constraint mappings, which h a w  to be taken 
into account during controller design in the PLS flamework, are highlighted. PLS-based 
Wiener models are well suited for constrained control of nonlinear systems. The use of 
PLS-based Hammerstein models for control involves solution of a nonlinear program 
as a result of the constraint mapping. The proposed approach is demonstrated on a 
simulated pH-level control of an acid - base neutralization process. 

Introduction 
The underlying philosophy of model predictive control 

(MPC) consists of minimization of a performance objective 
function with respect to future input moves, over a finite time 
horizon. Simplicity of design combined with its ability to tackle 
realities such as constraints and interactions has helped MPC 
achieve its current popularity with the process industry. MPC 
usually relies on time-domain models such as step-response 
or impulse-response models. 

Most chemical processes are inherently nonlinear. Re- 
searchers have proposed several ways to equip MPC with the 
capability of dealing with nonlinear processes. The ap- 
proaches to nonlinear MPC (NLMPC) can be categorized into 
two groups: (1) those based on first-principles models of the 
process, and (2) those based on black-box models identified 
from input/output data. 

If the MPC objective function is to be minimized using the 
first-principles, nonlinear model, a dynamic optimization 
problem has to be solved at every sampling instant. Biegler 
(1984) proposed approximation of the differential equations 
using orthogonal collocation in order to reduce the optimal 
control problem to a nonlinear program that could be solved 
using sequential quadratic programming (SQP). Patwardhan 
et al. (1990) extended Biegler’s approach to the constrained 
nonlinear MPC problem. This technique requires selection of 
appropriate orders for the polynomial approximations and 
increases the size of the optimization problem manifold. 

Correspondence concerning this article should he addressed to S. L. Shah 

Economou and Morari (1986) adopted the nonlinear internal 
model control (IMC) framework wherein the nonlinear model 
inverse was obtained by a Newton-type method. Li and 
Biegler (1988, 1989) improved the convergence properties of 
this method by including a relaxation parameter. Constraints 
were incorporated through a quadratic programming (QP) 
formulation. 

Brengel and Seider (1989) proposed an NLMPC scheme 
using successive linearization of the model equations at each 
sampling interval. This involves analytical/numerical evalua- 
tion of the Jacobians and discretization. The linearized model 
is used for predictions and only a quadratic program has to 
be solved at each iteration. Garcia (1984) used the full non- 
linear model for finding the effect of the past inputs and esti- 
mated disturbances on the output and the linearized model 
for predicting the effect of the future inputs. Thus the objec- 
tive function remains quadratic and the computational bur- 
den is minimal. Gattu and Zafirou (1992) extended this 
method by incorporating state estimation using a Kalman fil- 
ter for better disturbance rejection. They successfully applied 
this scheme to a semibatch polymerization reactor and an un- 
stable open-loop process. 

Patwardhan and Madhavan (1993) approximated the model 
equations using a second-order Taylor series expansion 
around the steady state. For processes showing highly nonlin- 
ear behavior (e.g., input multiplicities) the second-order ap- 
proximation proves superior in comparison to a linear model 
that includes only first-order terms. Mutha et al. (1997) pro- 
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posed a nonlinear MPC scheme for control of nonaffine sys- 
tems based on a reinterpretation of the prediction equation 
as a Taylor series expansion 

In a novel strategy based on the first-principles model, 
Henson and Kurtz (1994) and de Oliveira et al. (1995) pro- 
posed feedback linearization of the nonlinear process, fol- 
lowed by linear MPC of the feedback linearized loop. Though 
the model used in MPC design is linear, the nature of the 
mappings results in the constraints being nonlinear. De 
Oliveira et al. (1995) proposed a suboptimal strategy in order 
to preserve the linearity of the constraints. Henson and Kurtz 
(1994) formulated the constraint mapping as an optimization 
step, but sacrificed optimality to maintain linearity of the 
constraints. 

Fundamental models of large chemical processes involve 
a significant effort and rely on complete knowledge of the 
process, plant operating conditions, and parameters. This 
kind of knowledge is often scarce, and a practical alternative 
is the use of nonlinear identification procedures to obtain the 
nonlinear mapping from input/output data. 

Bhat and McAvoy (1990) developed artificial neural net- 
work (ANN) models of the nonlinear plant under considera- 
tion and proposed use of the ANN models for prediction in 
MPC. Though ANN models are known to approximate any 
type of nonlinear behavior, the modeling effort is large and a 
difficult nonlinear program has to be solved at every instant 
in order to calculate the control moves. 

Hernandez and Arkun (1993) used polyno,mial ARMA 
models to capture the nonlinearities; the models consider 
cross terms between past inputs and outputs, and the estima- 
tion problem is posed as a linear least-squares problem. The 
MPC objective function is nonlinear, with the polynomial 
ARMA model as the predictor. Doyle et al. (1995) and Man- 
ner et al. (1996) use second-order Volterra models to de- 
scribe nonlinear behavior. The Volterra model considers the 
crossterms between the past inputs in the manner of convolu- 
tion models. A large number of coefficients are required for 
modeling purposes, and the optimization step is a non- 
linear program. Carlemann-Rugh linearization of the mech- 
anistic process model enables estimation of the model 
parameters without resorting to experimentation. 

Hammerstein and Wiener models are block-oriented non- 
linear models in which a linear dynamic element is cascaded 
in series to a static nonlinear element. For Hammerstein 
models, the nonlinear block precedes the linear dynamic ele- 
ment; for Wiener models the order of the linear and the non- 
linear blocks is reversed. Zhu and Seborg (1994) use a Ham- 
merstein model to do unconstrained MPC of a univariate pH 
control process. Norquay et al. (1996, 1997) demonstrate the 
use of a Wiener-model-based MPC on the same pH process. 
Norquay et al. (1997) propose an ad hoc scheme for handling 
constraints. 

In this article a novel approach to input-constrained non- 
linear MPC using partial-least-squares (PLS)-based Hammer- 
stein and Wiener models is presented. It combines a power- 
ful statistical tool, PLS, and two elegant representations of 
nonlinear systems, namely Hammerstein and Wiener models, 
with an advanced multivariate controller, MPC. Conventional 
MIMO Hammerstein and Wiener models present numerical 
difficulties for multivariable control. For control purposes, 
solution of a set of nonlinear algebraic equations is involved 

and this can lead to numerical instability. The use of a PLS 
framework decomposes the modeling problem into a series of 
univariate problems in the latent subspace. The controller 
synthesis is carried out in the latent subspace and facilitates 
the use of a series of SISO Hammerstein and Wiener models, 
for MIMO processes. Kaspar and Ray (1992, 1993) first pro- 
posed the use of PLS-based dynamic modeling and controller 
design for linear unconstrained systems. 

The main contribution of the article is to show that the 
proposed approach is effective in handling multivariable 
processes and does not compromise the optimality of the 
constraints. It is shown that, for Wiener models, the input 
constraints preserve their linearity in the latent space, and 
only a quadratic program has to be solved to find the optimal 
input moves. For the Hammerstein model the input con- 
straints get transformed into a nonlinear region in terms of 
the latent variables, and a nonlinear program results. Henson 
and Kurtz (1994) and de Oliveira et al. (1995) faced a similar 
situation with their feedback linearization + MPC scheme, but 
they opted for a suboptimal feasible approach to keep the 
constraint set linear. The proposed constrained multivariable 
NLMPC strategies are demonstrated on a simulation case 
study involving the pH-level control of a nonlinear acid-base 
neutralization process. 

Nonlinear Modeling Using PLS-Based 
Hammerstein and Wiener Models 
Partial least squares: overview 

PLS has established itself as a robust alternative to the 
standard linear least-squares technique in the analysis of cor- 
related data. First proposed by Wold (19661, this technique 
has found application in many disciplines such as social sci- 
ences, engineering, chemistry, and medicine. In the field of 
chemical engineering, PLS has found applications in the area 
of process monitoring, modeling, fault detection, and control. 

In PLS the input ( V )  and output ( Y )  data are expressed as 
a sum of rank-one outer products 

U =  t ip:+ t rp;+ ... + t,pT+ E n t l  = TP7+ E n ,  

where n is the number of PLS dimensions. In the preceding 
representation, T and V denote the scores, henceforth re- 
ferred to as the latent variables (LVs); P and Q represent 
the loading matrices for the U and Y blocks, respectively; 
and the first set of loading vectors p ,  and q1  is obtained by 
maximizing the covariance between U and Y.  Projection of 
the U and Y data onto the loading vectors gives the first set 
of scores 

t ,  = uj, 

where 
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A linear regression between the scores results in the follow- 
ing inner relationship. 

D, = t , b , .  (3) 

In Eq. 3 D,q: may be interpreted as the part of Y data 
that has been predicted by the first PLS dimension; in doing 
so, the tip: portion of U has been utilized. The preceding 
procedure is repeated on appropriate residuals from the U 
and Y blocks to find the remaining scores/loading vectors 
until a major portion of the covariance between U and Y has 
been explained. This procedure is known as the PLS-NIPALS 
algorithm and was first developed by Wold (1966). The PLS 
technique has also been cast into the singular value decom- 
position (SVD) framework (Wise, 1991). 

From a practical point of view, PLS can be considered to 
be a technique that decomposes a multivariate regression 
problem into a series of univariate regression problems. The 
PLS-based regression model can be written as 

where B = diag(b,. b,, ..., b,). 

PLS-based dynamic models 
If the U block were to include the past values of the in- 

puts/outputs, then analysis based on PLS would yield a dy- 
namic model of the form 

Y = UC,, + e.  ( 5 )  

With this approach, C can be interpreted as a matrix 
whose elements are the finite impulse response coefficients 
(Ricker, 1988) or multivariable autoregressive rnoving-aver- 
age (ARMA) model terms (Qin and McAvoy, 1992). Kaspar 
and Ray (1992, 1993) developed PLS-based dynamic models 
based on filtering of input data. The major dynamic compo- 
nent in the data was explained by filtering the data, and then 
the standard PLS procedure was used to model the filtered 
data. 

Lakshminarayanan et al. (1997a) proposed a dynamic ex- 
tension based on a modification of the PLS inner relation. 
Instead of relating the input and output scores ( t ,  and u,)  
using a steady-state model, a dynamic component such as 
ARX is used. This gives the dynamic analog of Eq. 4 as 

?y". 

Here G, denotes the linear dynamic models (e.g., ARX) 
identified at each stage. In terms of the latent variables we 
can write 

= G ( z - ' ) T ( z - ' ) .  7) 

As per Figure 1, the relationship between the original vari- 
ables is given by 

~ ( 2 - l )  = { Q G ( Z - ' ) P ~ ) U ( ~ - ~ ) .  (8) 

Note that G is a diagonal transfer-function matrix (inner re- 
lationship), but P and Q are full matrices (loadings). As a 
result the overall relationship between U and Y is a full 
transfer-function matrix given by 

G,,(z-') = QG(z - ' )P t .  (9) 

Thus, despite the diagonal nature of the inner relationship, 
the overall model in terms of the original variables is multi- 
variable and does capture the interactions among different 
inputs and outputs. 

The dynamic PLS models are particularly well 
suited for controller design, since in terms of the latent vari- 
able framework we have several univariate models that can 
be used to design controllers based on SISO theory. This pre- 
sents a strong case for the design of controllers in latent space. 
Suitable pre- and postcompensators have to be used to trans- 
form the variables from the latent to the original space and 
vice versa. For the unconstrained case the MIMO controller 
design problem is thus reduced to several SISO design prob- 
lems. 

For square as well as nonsquare systems, pair- 
ing in terms of the latent variables is automatic. For n < 
min(n,, n,) there is a dimensionality reduction of the original 
system. For such cases the mapping from the original vari- 
ables to the latent variables is not exact, and a subsequent 
loss in information results. 

The PLS estimation procedure is nonlinear by 
itself. Hence accuracy of parameter estimates, variance of es- 
timates, and so forth, are not easy to quantify. The goodness 
of a PLS model often has to be determined through cross- 
validation and residual analysis alone. 

Remark 1. 

Remark 2. 

Remark 3. 

Extensions to nonlinear systems 
For nonlinear systems a natural extension of the dynamic 

PLS approach proposed by Lakshminarayanan et al. (1997a) 
leads to the use of nonlinear models for explaining the inner 
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Figure 1. PLS-based dynamic models. 
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relationship between the scores. In general, for any nonlinear 
modeling approach, like ANN, polynomial ARMA can be 
used. In this section we discuss Hammerstein and Wiener 
structures for modeling the inner relationship. The two ap- 
proaches are best illustrated by Figures 2 and 3. 

The Hammerstein model structure consists of a nonlinear 
algebraic element followed by a linear dynamic element. In 
contrast, the Wiener model configures the nonlinear static 
element following the linear dynamic element. See Haber and 
Unbehauen (1990) for a comparison of Hammerstein and 
Wiener structures with other input/output approaches to 
nonlinear identification. Eskinat et al. (1991) used the Ham- 
merstein structure for modeling a simulated distillation col- 
umn and an experimental heat exchanger. Lakshminarayanan 
et al. (1995) extended the canonical variate analysis tech- 
nique, a subspace identification method, to the estimation of 
MIMO Hammerstein models. Verhagen and Westwick (1996) 
modified the MOESP family of subspace methods for identi- 
fication of Hammerstein-type systems. 

PLS-based Hammerstein models are obtained by relating 
the scores at each dimension using an SISO Hammerstein 
model. A polynomial function is used to capture the nonlin- 
earity of the process. The order of the chosen polynomial is 
an indication of the degree of nonlinearity of the process. 
For an elaborate discussion of the PLS-based Hammerstein 
modeling approach the reader is referred to Lakshmi- 
narayanan et al. (1997a). 

The inner relation between the input and output scores is 
given by 

Hammerstein model: 

t' = fi( ti) ; ui( 2- ' ) = Gi( z-')t* ( z - ' ) ; i = 1, . . . , n 

Wiener model: 

tT ( z - ' )  = Gi( z - ' ) t l (  z - ' ) ; u l  = f,( t: ); i = 1, . . . , n .  (10) 

Constrained NLMPC via PLS-Based Hammerstein 
and Wiener Models 

In this section we discuss nonlinear model-predictive con- 
trol using PLS-based Hammerstein and Wiener models. The 
standard MPC formulation is reviewed. Linear MPC based 
on dynamic PLS models is introduced with emphasis on the 
constraint mapping. 

T I  

Figure 3. Hammerstein models in latent spaces. 

MPC: unconstrained control law 
The formulation of the multivariable MPC is discussed 

here. Consider a process with r outputs and m inputs. The 
model in step-response form is given by 

where 

s=  

j = S A u +  f + d ,  

... 
SP S P - 1  S P - M +  1 

AU = [ A u , ( k ) ,  . .. , A u m ( k ) ,  ..., Au,(k + M - l), ..., 

Au,(k + M - 1)IT 

j = [ j q k  +1), ...) j g k  + l), ..., j q k  + P ) ,  ..., 

f = [ f,(k + l ) ,  ..., f,(k +1), ..., f,(k + P ) ,  .'., 

d = [d(k + l ) , d ( k  + 2 ) ,  ..., d ( k  + P ) l T .  

Each si is a matrix of dimension r X m consisting of the 
step-response coefficients of the process model. The second 
term on the righthand side denotes the free response of the 
system, that is, the response if there were no future inputs. 
This free response is expressed in terms of the past inputs 
and can be written as 

N 

f (k  + i) = sjAu(k - j + i ) +  s,,u(k + i - N -  1). 
j = i + l  

The disturbance vector d is estimated by subtracting the 
model output from the measured output as 

The objective function for MPC-type controllers considers the 
future deviations from the set point P moves into the future, 
and the differenced input M moves into the future, both 
squared and weighted. P is called the prediction horizon and 
M is known as the control horizon. Objective function: 

where r = [ r ( k  + 11, r (k  +2), . . ., r(k + P)lT the set point 
vector. The weighting matrices r and A are positive semidef- 
inite weighting matrices usually diagonal in nature, with the 
individual weights indicating the relative significance of the 
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different inputs/outputs. The sequence of steps leading to 
the minimization of the objective function with respect to the 
future input moves A u  is outlined below: 

The optimal control moves, obtained by minimizing this ob- 
jective, are given by 

In receding-horizon fashion only the first of the M moves 
is implemented: 

Constrained Case. A real plant has to work within certain 
physical limitations, for example, a valve can handle only a 
particular range of flow rates, and market forces that result 
in rigid quality requirements on the process outputs. A 
model-predictive controller is well suited to handle the con- 
straints in an elegant manner. The constraints on the inputs, 
slew rates, and outputs can be grouped together into a single 
linear matrix inequality. The objective function is then mini- 
mized subject to linear constraints on the future inputs. A 
quadratic program is solved at every sampling instant to ar- 
rive at the input values to be implemented on the plant. One 
cannot say a priori which set of constraints may be active at a 
sampling instant. In some cases only the slew-rate constraints 
are active; in other cases, both slew-rate and input con- 
straints are active. Although the constrained solution is ob- 
tained by solving a set of linear equations, the changing na- 
ture of the active constraint set renders the control law non- 
linear. 

The quadratic program solved at every instant is 

MinJ = A u T ( S " T S  + A )  AU - 2  ( r  - f -  d T T S  Au, (18) 
A U  - I . " 

A 
= He/2 & - p  

subject to AAu + B 2 0. Let (A*,  B*) denote the active con- 
straint set and h be the corresponding Lagrangian multipli- 
ers. Therefore the constrained solution is obtained by solving 
the following set of linear equations 

He A*T 
[ A *  0 ] [ ? I = [  :;*I 

The overall control law can be expressed as 

Au = F [ u ( k  - l), . . ., u ( k  - N ) ,  y ( k ) ,  r ( k ) ] .  (20) 

PLS-based constrained MPC of linear systems 
Next we concern ourselves with the design of a constrained 

model-predictive controller using PLS-based dynamic models 
for linear systems. In this case, the MPC objective function is 

based on the linear dynamic model between t (inputs) and u 
(outputs): 

MinJL=(At)T(STTS+A)At-2(r- f -d)TTSAt,  (21) 
A t  

subject to A A t  + B' 2 0. 
In this section we will discuss the constraint mapping when 

we pose the problem in terms of the latent variables, that is, 
how to arrive at A', B'. The individual transformations relat- 
ing the original to the latent variables are given by 

t = P+U 

Y = Qu, 

where Pt is the generalized inverse of P. 
Consider a 2x2 system that is modeled using two PLS 

dimensions. The constraints in the original variables are 
decoupled if we restrict ourselves to input and slew-rate 
constraints, for example, constraints on u1 and u2 are inde- 
pendent of each other. For the sake of brevity only the two- 
variable case is illustrated here, but the concepts presented 
can be quite easily extended to the higher dimensional case. 
To illustrate our point geometrically, let us look at the region 
where ul and u2 are required to remain. 

This region can be represented by the inequality 

Urnin I u I urn, 0 

Urnin I Pt I urn,. 

Expanding we get 

This region is shown in Figure 4. Thus the constraints get 
coupled in the latent space. The rate (Au) constraints get af- 
fected similarly. The main outcome of posing the constraints 
in the latent space is that the problem gets coupled through 
the constraints in spite of the dynamics being decoupled in 
the latent space. Therefore a multivariate approach to con- 
troller synthesis is needed to handle the constraints. In this 
situation SISO theory cannot be used to design controllers in 
the latent space. If the output constraints are being used, 
then the constraints are coupled irrespective of the transfor- 
mations. Often, the output constraints are excluded since they 
often lead to infeasibility problems in the optimization step. 
For a more detailed discussion of linear MPC design via 
PLS-based dynamic models the reader is referred to Lak- 
shminarayanan et al. (199%). Figure 5 illustrates the imple- 
mentation MPC in a PLS framework. 

Control strategy for Wiener- and Hammerstein-based MPC 
The inherent structure present in Hammerstein and Wiener 

models leads to a very intuitive control strategy. In both cases, 
a linear MPC is designed, with the linear dynamic element 
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Figure 4. Constraint regions in the original and latent 
space. 

serving as the model and the nonlinear operator is inverted. 
The order in which the linear MPC and the inversion opera- 
tion is carried out depends on the model structure (see Fig- 
ures 6 and 7). Assuming that the nonlinearity is well captured 
in the region of operation, this kind of control strategy re- 
sults in an approximately feedback linearfzed system. 

It should be noted here that the inversion of 
nonlinear operator F is fairly straightforward in the latent 
space since it is a decoupled system, that is, F ( T )  = [f,(t,), 
fi(t,), . . . , f,(t,)]. Each f ,  is a polynomial equation in a sin- 
gle variable t,. Hence inversion is guaranteed, since robust 
numerical techniques are available for solving polynomial 

Remark 4. 

I 

Figure 6. Control strategy for PLS-based Hammerstein 
models. 

equations in one variable. In general the polynomial will have 
multiple roots; we choose the smallest real root. In this re- 
gard it is safe to choose a polynomial with an odd degree to 
ensure the presence of at least one real root. 

In the ideal case of no model plant mismatch, 
the resulting feedback system is linear and linear stability 
analysis can be used for assessing the closed-loop stability of 
the nonlinear system. However, in practice, model plant mis- 
match is inevitable, and nonlinear stability analysis will have 
to be carried out for the general case. 

In the remaining discussion we concern ourselves with the 
application of constrained MPC on nonlinear systems mod- 
eled using Hammerstein and Wiener models. 

Remark 5. 

Constraint mapping 
Hummerstein Models. The MPC objective function is 

based on the linear dynamic element between t* (inputs) and 
u (outputs). 

subject to g ( t * )  >_ 0. For the sake of brevity, we use t to de- 
note the n X 1-D latent space vector. 

The nature of the transformations involved leads to the 
transition of the linear constraints in the original space to 
nonlinear constraints in the latent space. The following steps 
illustrate our point. 

I - i  -__--_-__________________------__---._______, 

Figure 7. Control strategy for PLS-based Wiener mod- 
els. 
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The linearity of the constraints is preserved since the non- 
linearity is now on the output instead of the input and the 
transformation from u to t is a linear one: 

AAu + B 2 0 -  

A'At + B 2 0. (26) 

& ( t * )  

The transformation from u to t is linear and is given by 

u ( k )  = P t ( k )  

A ' =  A[diag(P P ... P ) ] m , U X n M  

The transformation from t* to t :  t: = /i(ti),  however, is non- 
linear. The inverse operator is not one-to-one and hence the 
constraint mapping is nonunique. 

From Eq. 24. it is clear that computation of the control 
moves involves solution of a nonlinear program at every in- 
stant. The nonlinear program comprises a quadratic objective 
function and a nonlinear constraint set. The nonlinearity of 
the constraints arises due to the particular structure of the 
Hammerstein model. 

The steps involved in the implementation of the Hammer- 
stein-based NLMPC scheme (see Figure 6) are enumerated 
below: 

1. At sampling instant k measure the output y,(k)  and 
the set point r f k ) .  

2. Transform the output and set point in terms of latent 
variables using the following relations: u(k)  = (S ,Q)- 'y (k) ;  
u,,(k) = ( S , . Q ) ~  'r (k1.  Send the transformed variables to the 
PLS-based- MPC. 

3. The controller is based on the linear dynamic part and 
will calculate inputs in terms of t * ( k ) .  This is done by solving 
the nonlinear program using a suitable optimization tool. The 
initial guesses for the solver are provided by equating the 
initial values to the previous solution: t: = t* (k  - 1). For k = 

1, the initial guess is set to zero. 
4. The inverse operator is used to map these values onto 

the corresponding t ( k ) :  t ( k )  = F - ' ( t * ( k ) ) .  
5. The inputs in terms of the latent variables are mapped 

onto the inputs in terms of original variables: u ( k )  = S,Pt(k) .  
6. Implement the calculated inputs, u(k),  on the plant. 
Here S,, and S,, are the input and output scaling matrices, 

respectively. 
Wiener Model.\. The nonlinearity of the constraints can be 

avoided if a Wiener-model structure is chosen. The Wiener- 
model structure succeeds in preserving the linearity of the 
constraints in spite of the nonlinear mappings involved. How- 
ever, this is not true if output constraints are also involved. 
For the present purposes we restrict ourselves to rate and 
amplitude constraints only, since output constraints often re- 
sult in infeasibility problems. In this case the MPC objective 
function is based on the linear dynamic model between t (in- 
puts) and t* (outputs): 

MinJ, = ( A t ) ' ( S T r S + h ) A t - 2 ( r - / - d ) T T S ( A t ) ,  
A /  

(25 ) 
subject to A'ht + B 2 0. 

The relationship between A and A' remains the same as be- 
fore. The geometry of this constraint set is the same as in 
Figure 4. 

Thus a simple change in the model structure results in high 
gains in terms of the computational complexity of the opti- 
mization problem. Only a quadratic program has to be solved 
at every instant. In cases where the Wiener modeling ap- 
proach is applicable. it offers distinct advantages for design 
of a constrained controller over other NLMPC methods based 
on black-box models. 

In the latent space, Wiener models preserve 
the linearity of the input constraints. Hammerstein models 
result in the original linear constraints being mapped to a 
nonlinear constraint region. 

The steps involved in the implementation of the Wiener- 
based NLMPC scheme (see Figure 7) are enumerated below: 

1. At sampling instant k ,  measure the output y ( k )  and the 
set point r ( k ) .  

2 .  Transform the output and set point in terms of latent 
variables using the following relations: u ( k )  = ( S Y Q ) - ' y ( k ) ;  
u , , (k )=(S ,Q) - ' r (k ) .  

3. Invert the nonlinear operator to express these values in 
terms oft*:  t * ( k ) =  F - ' [ u ( k ) ] ;  t,*,(k)= F- ' [u , , (k) ] .  Send the 
transformed variables to the PLS-based MPC. 

4. The controller is based on the linear dynamic part and 
calculates the inputs in terms of t ( k ) .  This is done by solving 
the quadratic program using any standard QP solver. 

5. The inputs in terms of the latent variables are mapped 
onto the inputs in terms of original variables: u ( k )  = S,Pt(k) .  

6. Implement the calculated inputs, u(k) ,  on the plant. 

Remark 6. 

Discussion 
The ability to handle output constraints is one of the main 

advantages of constrained MPC. The output constraints can 
be posed in the following manner for Hammerstein and 
Wiener models, respectively. 

Hammerstein Models. 

Original variables: 

Latent variables: 

y,,, I 9 I y,,, 
ymin 5 Q'u I ymax 

ymin 5 Qt{SAt* + f + d }  I ymax, 

where S, /, and d are obtained from the linear dynamic ele- 
ment between u and t* .  The output constraints are linear in 
terms of the latent variables for PLS-based Hammerstein 
models. 
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Wiener Models. 

Original variables: 

Latent variables: 

ymin I 3 I y,, 
ymin I Q t u  I y,,, 

where F is the nonlinear mapping between u and t .  Thus for 
the Wiener models the output constraints are nonlinear in 
terms of the latent variables. These output constraints can be 
included in the optimization step along with the input con- 
straints. 

PLS is generally associated with dimensionality reduction. 
The main purpose of this work is not dimensionality reduc- 
tion but to exploit the structural advantages of PLS-based 
models to do constrained control of a class of nonlinear sys- 
tems. PLS is mainly used here to facilitate transformation of 
variables to a new basis space where the relationship be- 
tween the input and output scores is decoupled. 

In cases where there is dimensionality reduction the PLS 
model captures a large portion of the covariance between the 
inputs and outputs. In such cases the lower dimensional PLS 
model will still capture the dominant dynamics of the proc- 
ess. The dimensionality reduction will, however, affect the 
constraint mappings. When there is a dimensionality reduc- 
tion, the P and Q matrices will be, in general, nonsquare. 
This will lead to a loss in information when the constraints 
are mapped from the original space to the latent space. But 
this problem can be resolved by using the full P and Q ma- 
trices (without dimensionality reduction) for constraint map- 
ping alone. 

Case Study: pH-Level Control of an Acid-Base 
Neutralization Process 

The proposed approach was evaluated on a MIMO, 
pH-level control process. This example is an acid-base 
(HCI-NaOH) neutralization process performed in a single 
tank. pH neutralization processes are challenging control 
problems due to the inherent nonlinearity in the titration 
curve. The system description, the nonlinear process model, 
and the operating conditions are described in Henson and 
Seborg (1994). The level and the pH are the controlled vari- 
ables that are manipulated using the acid and the base flow 
rates. The buffer flow rate serves as a disturbance. The nomi- 
nal operating conditions of the process are: 

Outputs: pH = 7.075, level = 14 cm 

Inputs: acid = 16.6 mL/s, base = 15.6 mL/s, 

buffer = 0.6 mL/s. 

Control of this process was attempted using a linear PLS- 
based MPC and compared with the nonlinear MPC approach 
based on Wiener/Hammerstein models as proposed here. 
A simulation model of the process was built in the 

12.1 ' I 
0 1 10 I S  20 2s 

Time (min) 

8 5 ,  I 

I 
0 1 10 20 I S  2 s  

6.5 ' 
Time (min) 

Figure 8. Open-loop simulation: level and pH respon- 
ses to step changes in acid flow rate (k 1 mL/ 
S) . 

Simulink/Matlab environment. The open-loop simulations 
shown in Figure 8 indicate the nonlinear nature of the pH 
response. Although the pH response is fairly nonlinear in 
terms of the gains, it should be noted that the dynamics re- 
main fairly unchanged. It is this feature that makes the pH 
system suitable for modeling using Hammerstein and Wiener 
models, which have a static nonlinear component. The identi- 
fication experiments have to be designed to capture the non- 
linearity of the system, that is, the magnitude of the input 
changes is of prime importance and will decide what kind of 
nonlinearities are excited. To capture the nonlinearity in the 
gain, the probing signals were designed to be low-frequency 
excitation spread over several levels of magnitude. 

PLS-based, linear, and nonlinear models were estimated 
for the system using data collected from the identification 
runs. The model parameters are given below. Two PLS di- 
mensions (n = 2) were used to explain the information in the 
data set. Thus there was no dimensionality reduction for this 
example. A fifth-order polynomial was required for the Ham- 
merstein model, whereas a third-order polynomial proved 
sufficient for the Wiener model. The inner relationship for 
the second PLS dimension was linear for both methods. 

Linear model 

ance, zero mean) by the scaling matrices: 
Scaling Matrices. The variables are normalized (unit vari- 

S,, = diag(1.135, 1.0122), S, = diag(1.2875, 1.3079). 

The loading matrices are 

0.9994 0.0081 1 ' 0.7220 0.6796 0.0347 1 '=[ -0.6919 0.7335 
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The linear dynamic parts were estimated as 

0.02672- ' - 0 . 0 0 9 4 ~ - ~  
GL = 

G, = 

1 - 1.58852-' + O . C I O ~ Z - ~  ' 

0.04352-' +O.O539z-' 
1 -0.87942-' - 0 . 0 5 5 6 ~ - ~  

Hammerstein model 
Scaling Matrices. 

ance, zero mean) by the scaling matrices: 
The variables are normalized (unit vari- 

S, = diag(1.135, 1.0122), S, = diag(1.2875, 1.3079). 

The loading matrices are 

1 0.7220 0.6796 0.0347 1 '=[ -0.6919 0.733517 '=[ -0.9994 0.0081 

As can be seen from the figure, the Hammerstein model gives 
a good fit for the pH, whereas the linear model fails to cap- 
ture the inherent nonlinearity for the pH, but does well with 
the level part. 

Wiener model 
The scalings chosen for the Wiener model were 

S, = diag( 1.1989, 1.0202), S, = diag( 1.0664, 1.0252). 

The loading matrices are given by 

0.6806 0.7103 0.0665 
'= [ -0.7334 0.7039]~ '= [ -0.9978 

The linear dynamic parts were estimated as 

0.17402 0.14872- ' 
GI = G, = 

1-0.87542-' ' 1 - 0.4322- ' - 0.4842- ' ' 
The static nonlinear parts were given by 

The static nonlinear part is given by 

tT = 0.025t: +0.1227t; -0.0978t: -0.5909t: + t, 
t; = t,. 

The linear dynamic parts were estimated as 

0.161~-' - 0 . 1 8 0 ~ - ~  
G ,  = 

1-0.88492-' + 0 . 0 3 8 8 ~ - ~  ' 

0.0458~-' + 0.0522~-~ 
"= 1-0.8744~- ' -0 .0601~-~ ' 

The cross-validation of the Hammerstein model is shown 
in Figure 9. It is compared with a linear PLS-based model. 

4 

2 

f O  d 1 P 

1 
0 200 400 600 800 1wO 12W 1400 1Mx) 

4- I 
0 200 400 m BM) loo0 1200 14w 1600 

Figure 9. Cross-validation: Hammerstein model (-- -1 
vs. linear model ( -  - .) and actual data (-). 

The cross-validation plots for the Wiener model are shown 
in Figure 10. The Wiener model gives a good fit for the pH 
part and appears to have captured the nonlinearity present in 
the system. 

Three PLS-based controllers were evaluated: (1) Linear 
MPC; (2) Hammerstein-based NLMPC; and (3) Wiener-based 
NLMPC. For control schemes (1) and (31, the Matlab func- 
tion qp was used to solve the quadratic program, whereas for 
(2) the nonlinear programming solver constr, available under 
the Optimization Toolbox in Matlab, was invoked. The sam- 
pling time was 15 s. 

3r 

-31 
0 100 200 300 400 500 I 0 

2 

51 

0 

-1 
0 100 200 300 400 500 600 

Samples 

Figure 10. Cross-validation fit for the Wiener model. 
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Figure 11. Comparison of (1) linear MPC (---), (2) 
NLMPC Hammerstein (-), and (3) NLMPC- 
Wiener ( - a )  for set point changes: pH-9, 
level = 14. 

Selection of Controller Tuning Parameters 

P2=15,  M, ,=2,  A=0.51, 17=1, 

-1 I A u , ( k )  I 1, - 10 I u , ( k )  5 10. 

Figure 11 shows the performance of the three controllers 
in response to a set point change in pH (pH =9) .  The 
Wiener-based NLMPC gives the best performance among the 
three controllers. The change in pH is achieved in a satisfac- 
tory manner with no overshoot in a settling time of 2 min. On 
the other hand, the linear MPC showed very poor per- 
formance in achieving the pH set point change. It appears to 
struggle with the nonlinearities in the system before reaching 
the set point in 15 min. The Hammerstein-based NLMPC 
showed good tracking properties, but its disturbance rejec- 
tion for level was less than satisfactory. As opposed to the 
linear MPC. it gave smooth response in both the channels. 
Thus both the Hammerstein- and Wiener-based MPC 
schemes appeared to annul the nonlinearities in the system 
through feedback and gave responses similar to a linear sys- 
tem. 

Figure 12 shows the tracking properties of control schemes 
(2)  and (3) for set point changes in both level and pH. Clearly 
the Wiener-based NLMPC gives a superior performance. It is 
able to achieve this set point change into a highly nonlinear 
region in a settling time of 5 min. The Hammerstein-based 
NLMPC is able to reach the pH set point only if the simula- 
tion was continued for a long period. This was observed for 
other set point changes as well. One of the reasons for the 
poor performance of the Hammerstein-based NLMPC could 
be a poor model in the neighborhood of the set point. In the 
Hammerstein model the nonlinearity is at the input, and 
hence the magnitude of input changes plays an important role 
during the identification process. For example, in Figure 12 
the inputs undergo large changes in magnitude in order to 
meet the desired set point. If the Hammerstein model is un- 
able to capture the nonlinearities associated with these input 

I 

19 I- 

_ 

_ 

- 

10 15 20 

---I 

10 15 20 

I 
3' 
0 5 10 15 20 

15 5 I---/ 
0 5 10 15 20 

Tracking performance of NLMPC based on 
(1) Hammerstein models ( a  - - )  and (2) 
Wiener models (-) for set point changes: 
pH = 4, level = 18. 

changes, then the performance of the NLMPC will deterio- 
rate. On the other hand, for Wiener models the nonlinearity 
is at the output, and therefore the range of magnitude changes 
in the output affects the goodness of a Wiener model. From 
Figure 12 we see that the pH changes are not large in magni- 
tude, and the experiment design included changes of this 
magnitude. Moreover pH is defined as the negative of the 
natural logarithm of hydrogen ion concentration. This im- 
plies that there is a significant nonlinearity at the output. Thus 
a Wiener structure is naturally suited to capture the nonlin- 
earity of this pH process. The importance of appropriate 
magnitude changes in the input excitation is illustrated 
through this result. A priori knowledge of the operating con- 
ditions of the plant should be taken into account while de- 
signing the input sequence for identification. 

The disturbance rejection properties of the three con- 
trollers are illustrated in Figure 13. Once again Hammer- 
stein- and Wiener-based MPC schemes outperform the linear 
MPC. The main nonlinearity of the process lies in the pH 
part and the linear MPC does not do a good job of dealing 
with it. The integrator in the linear MPC, however, does take 
the pH back to its steady-state value. 

The Wiener-NLMPC was able to meet several set point 
changes into nonlinear regions that the other controllers could 
not handle. Figure 14 shows the performance of the Wiener- 
NLMPC, and Figure 15 shows the constraints being satisfied 
in the original domain and the equivalent constraints in the 
latent space. To better illustrate the constraint satisfaction 
and the geometry, the upper and lower limits on the inputs 
and the slew rates were reduced for this run: 

-0.5 < A u ,  < 0.5, -5 < LL, < 5 ;  i = 1.2. 

Conclusions 
A method of handling constraints for NLMPC using Ham- 

merstein and Wiener structures in the PLS framework is pre- 
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Figure 13. Response of (1) linear MPC ( - a ) ,  (2) 
NLMPC-Hammerstein ( -  . .), and (3) 
NLMPC-Wiener (-1 to a change in buffer 
flow (0.6 to 0.2). 

sented in this article. The feasibility of the approach is 
demonstrated by a simulation case study of an MIMO system 
involving pH and level control. The main contributions of this 
work are (1) a technique to effectively use Hammerstein and 
Wiener structures for modeling and control of MIMO sys- 
tems in the PLS framework and (2) constrained NLMPC of 
nonlinear processes using these models. The main advantage 
of using the PLS framework is that the dynamics are decou- 
pled in the latent space. The constraints, however, get cou- 
pled in the latent space. Thus a multivariable approach to 
controller synthesis has to be adopted for constrained con- 
trol. For Hammerstein models, the constraints are mapped 
onto a nonlinear region in the latent space; for Wiener mod- 
els the constraints, though coupled in terms of the latent 
variables, maintain their linearity. 
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Figure 14. Performance of Wiener-based NLMPC for a 
series of set point changes. 
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Figure 15. Rate and amplitude constraints in the origi- 
nal space (top graph) and the latent space 
(bottom graph): x denotes the constraint 
region, and 0 denotes actual data. 

For Wiener models it is shown that only a quadratic pro- 
gram needs to be solved, which is a significant computational 
advantage over other NLMPC methods and makes them 
suitable for controller design purposes. Since block-oriented 
models serve as useful representations for chemical processes 
such as distillation and acid-base neutralization (Norquay et 
al., 19961, it is worthwhile to consider modeling and control 
of MIMO processes using these structures. 

The major advantage of the use of PLS-based Hammer- 
stein and Wiener models is their ability to decouple the dy- 
namics and the nonlinearities. Even though the presence of 
constraints negates this advantage, it is important to note that 
the numerical inversion of the static nonlinearities is re- 
stricted to a single variable-root finding. In the absence of 
the PLS structure, the root-finding operation would be a 
multivariable one and is likely to present numerical difficul- 
ties. 

Our future research goals include: 
Estimation of uncertainty for PLS-based models. 
Optimal design of experiments for PLS-based nonlinear 

PLS-based modeling and control of nonsquare systems. 
Robust controller design using PLS-based models. 

identification schemes. 
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